Questa opera ¢ distribuita con licenza Creative Commons Attribuzione-Non commerciale 3.0 Unported.
This work is licensed under a Creative Commons Attribution-Non Commercial 3.0 Unported License

BY NC

@ 08

Complex Foliated Tori and their
Moduli Spaces

PAOLO CARESSA AND ADRIANO TOMASSINI

ABSTRACT. We consider complex foliated tori, their periods and
polarizations on them. We define the moduli space of polarized
complex foliated tori and show that it is a normal analytic complex
space. Finally we discuss some examples.

INTRODUCTION

Complex foliated tori are manifolds of the form T = C" x R¥/A, where A C
R?"** is a discrete subgroup of maximal rank (i.e. a lattice) equipped with the
complex foliation induced by the projection C"* x R* — R*. They appeared,
as far as we know, in [1] in the context of quasi-abelian varieties, namely
the toroidal groups C"/A where A is a discrete subgroup, not necessarily of
maximal rank (see also [2], [0]). Indeed, every quasi-abelian variety factorizes
as the product of a complex foliated torus by a real vector space ([1], §4).
They were also considered, in the theory of CR-bundles over complex foliated
manifolds, in [3].

The aim of the present paper is to introduce and study the moduli space
M, 5, of polarized complex foliated tori, i.e. of complex foliated tori endowed
with a fixed polarization w (see Sections 2, 3). Our main result is the follow-
ing:

M., is a normal complex space of real dimension n(n + 2k +1).

In order to prove it, after fixing some notations, we introduce the notion of
polarization on a complex foliated torus, and we characterize it in terms of
period matrices, thus stating the analogous of Riemann conditions (see §2).
Next, we describe the space of periods of polarized complex foliated tori in
terms of complex homogeneous spaces (see §3), namely, we introduce the
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J
L I
structure and L € My »,(R) an arbitrary matrix. The group

{0 )

acts transitively on Z, and, like in the case of abelian varieties (cf. [3], [0]),
it turns out that any discrete subgroup of GG acts on Z in a properly discon-
tinuous way (Theorem 4.4).

As a consequence of a classical theorem of Henri Cartan [1], we obtain
that the moduli space of polarized foliated tori inherits a structure of normal
complex space.

space Z,, of matrices of the form O), where J € Sp§ (R) is a complex

a € Spy (R), v € MM”(R)}

1 Preliminaries

Consider the real vector space C* x R* with its canonical CR-structure. A
smooth CR-map C" x R¥ — C" x R* is a smooth map of the form

{z’ = f(z,1)

t'=g(t)

where f is holomorphic w.r.t. z. Points of C" x R¥ are written in the form
(2,t) with 2 € C" and t € R

Let A be a lattice of rank 2n + k in the vector space R*"+F =~ C" x RF,
The covering map C" x R¥ — C" x R*/A defines a natural CR-structure on
the quotient space.

T := C" x R¥/A equipped with this CR-structure is called a complex
foliated torus.

A complex foliated torus is in particular a CR-Lie group, i.e. a Lie group
with a CR-structure such that the group operations are compatible with this
structure. A morphism between complex foliated tori is a morphism of CR-Lie
groups.

Complex foliated tori can be described in terms of periods. Consider a
Z-basis {Z1 @ Ry, ..., Zonik © Ropyr} of the lattice A (where Z; € C™ and
R; € R¥). By definition, the (n + k) x (2n + k) complex matrix

a_ (% 22 Do
Ry Ry -+ o

is called a period matriz of the foliated torus induced by A.
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Any linear isomorphism ¢ of the form

2\ Az + Bt
t Dt
(with A € GL,(C), B € M,,(C) and D € GL,(R)) induces an isomorphism

C" x R¥/A =2 C" x R¥/A’ of complex foliated tori, where A’ = (A).
We denote by L,, , the group of matrices

(0 o)

Remark 1.1 Linear Algebra arguments show that ¢ can be chosen in such a
way that the torus C* x R* /A" has a period matriz of the form

0_ Zy oo Zyy 0 - 0
“\R, -+ Ry, e - e

{e1,...,ex} being the canonical basis of R¥.

where A, B, D are as above.

We stress that not every element of M, 2,+4(C) is a period matrix for a
complex foliated torus. Since a matrix

0 Zi oo oy 0 oo- 0
“\R, - Ry, e - e

has rank n + k if and only if

51 gzn 0 --- 0
det | Z, -+ Zyn 0 -+ 0] #0
Rl RQn er - e

by the previous remark we get that a matrix

O 4y Zy -+ Zoptk
Ry Ry -+ Ropik

is the period matrix for a complex foliated torus if and only if

Zy 2y - Dok
det Z1 ZQ ZQ,H_k #0
Ry Ry -+ Ropys
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Let T and T’ be two complex foliated tori. A CR-map ¢ : T — T’ is
induced by a CR-map ¢ : C* x R¥ — C" x R* of the form

P(z,t) = (Az + Bt + h(t), Dt + k(t))

where A, B and D are constant matrices, h and k are smooth A-invariant
maps (see [3], Proposition 6.6).

As a corollary (see [8], Corollary 6.7), we obtain the following: let T and
T" be complex foliated tori and 2 and 2 be period matrices for T and T’
respectively. Then T and T are isomorphic (as CR-Lie groups) if and only if

(1.1) MQ =Q'y

where M = (151 g) with A € GL,(C), B € M,x(C), D € GLg(R) and
A GL2n+k(Z)

Accordingly, two period matrices 2 and € are said to be equivalent if the
above condition is fulfilled. By definition, the moduli space of all complex
foliated tori is the quotient M,, ;. of the space of period matrices modulo the
equivalence relation (1.1).

M., i, can be also described as a double quotient

Ln,k\GL2n+k (R)/GL%—HC (Z)

For this, consider the space P of all period matrices modulo the action €2 +—
MQ, M € L,j. The group GLa,\ acts transitively on P (the map 2 —
QAL A € GLy,. descends to the quotient P) and the isotropy subgroup
is just L, . Therefore, P =2 L, ;\GLoy+r(R) and consequently, M, , =
P /G Loyt (Z). This identification shows that, when n > 1, M,, ; is not even
a Hausdorff space. Indeed, the same arguments of [3] Corollary VII.2.5 can
be used to check that the space P/T", where I is any discrete subgroup of
L, i, actually is not even a T; space. The only point to remark is that our
group L, is reductive, since it is an abelian extension of the reductive group

G Lon(R).

2 An example: M,

In this section we will study the simplest case of the moduli space of complex
foliated tori, namely we take n = 1 and k = 1. We will slightly change our
point of view, giving an explicit description of the moduli space M; ;.

Let us consider a torus T? = R?/Z3 equipped with a complex linear foli-
ation F, thus induced by a complex foliation of parallel planes in R®. Let II
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be the plane through the origin of R? and J : I — II be the corresponding
complex structure.

Let us forget the complex structure for a while: given F, of course the
set I'z of lines through the origin of II is a RP! inside RP?. By taking the
complexification of the inclusion I'r = RP' C RP?, we get 'S = CP' c CP?,
with TS NRP? =7 and IS\ T'x =
Ch* UH~ (Poincaré half-planes).

Next, we turn to the complex structure J and to the induced complexi-
fication J© : TI® — TI®. The former acts freely (without fixed point) as an
involution on I' 7, the latter acts as an involution on 1"%, with two fixed points,
corresponding to the eigenspaces relative to the eigenvalues 4i. The choice
of the eigenspace relative to i determines a map J — p € 'S\ I'z, which is
bijective, since J is real (so that the eigenspace relative to —i is determined
by the one corresponding to +1i).

Therefore, the set of complex structures on II can be identified with
'S\ T'z. Now, observe that, for any point p € CP?\ RP?, there exists a
unique complex projective line Fg C CP?, passing through p, which is also
the complexification of a real projective line I', € RP2.

Hence, the period space P is naturally identified with CP? \ RP?.

Remark 2.1 The map p — T, defined above is a smooth fibration CP? \
RP? — (RP?)", whose fiber is HT™ UH ™, which just forgets the complex struc-
ture J.

Coming back to the moduli space, we consider the standard G L3(Z)-action
on CP? \ RP?: two complex foliations F and F’ on T? are CR-isomorphic if
and only if there exists A € GL3(Z) such that

1) AIl C 1L
2) A|HOJ: J/OA|H.

Therefore, the moduli space is
M, = CP?\ RP?/GL3(Z)

The G L3(Z)-action, accordingly to what we observed at the end of the pre-
vious section, is not properly discontinuous, since, for example, given any
A € GL3(Z), we have ACNC # (), where C is the standard conic z3+27+23 = 0
in CP2.

In order to define a reasonable moduli space, we have to introduce an ad-
ditional datum on complex foliated tori, i.e. a polarization, and, accordingly,
to study the equivalence of complex foliated tori endowed with this enriched
structure.
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3 Polarizations and Riemann Conditions

Let T = C" x R¥/A be a complex foliated torus. A cohomology class [w] €
H?(T,Z) is represented by a differential form w on R** x R* with constant
coefficients, which is integral on A.

Definition 3.1 We say that |w] is a polarization if
(i) w is of rank 2n;

(i1) Wiean 10y 1s the 1maginary part of a definite positive Hermitian form on
n

A polarized complez foliated torus is a pair (T,[w]) where T is a complex
foliated torus and |w] a polarization on it. Two polarized foliated tori (T, [w]),
(T', [w']) are said to be isomorphic, if there exists an isomorphism ¢ : T — T
such that [p*w'] = [w].

In order to characterize the classes w € H*(T,Z) which determine a po-
larization, we consider an adapted period matrix

o (% - 0 0)_(C 0

- Rl R2n €T ... € - R I
where C' € M, 2,(C), R € My 2,(R) and {eq,..., e} is the standard basis of
R*. Let (z1,..., %o, Y1 --.,Yk) be the coordinates on R* x R* associated to

the lattice basis {Z1 ® Ry, ..., Zonik ® Ropyr ). If (21,. .., 20, &1, ..., &) denote
the standard coordinates on C* x R*, then we have

(
dz, = g Candx 4
A

dza = Z EaAdZL‘A
A

& =Y rjadua+ dy;
A

\

(where C' = (cop), R = (r;4) are the blocks of ) and capital (small) latin
indexes run from 1 to 2n (1 to k), and greek indexes from 1 to n.
C 0
Let II be the inverse of [ C' 0 |, which is therefore of the form
R I
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with m € My, ,(C) and S € M; ,,(C). We have

de‘A = Z 71-Aozdzoz + Z ﬁAadza
dyi =Y siadza + Y SialdZo + dE;

(where m = (7m4q) and S = (8;,) are the blocks of II.)
Now suppose to have a polarization w on a complex foliated torus,

w = Z wapdxa Ndrpg + ZwAl-d:cA ® dy;+

A<B A
- Z waidy; ® dz g + Z wijdy; N dy;
Aji i<j
where wap, wai, wi; € Z.
Let us define the matrices wV) = (wap), w® = (wa;) and wW® = (wy)
oD ®

so that the form w is represented by 2 3 ] Then, by a direct

—ty
computation, one shows that condition (ii) of Definition 3.1 is equivalent to

wWr +18w¥S + rw®s — 5w Br =0
R 1 _ _
®) _— (tﬂ' WwT + 19w G 4 w5 — s, (Q)ﬁ) >0
v—1
These relations constitute the foliated version of the classical Riemann con-
ditions.
More coincisely,

Theorem 3.2 Let T be a complex foliated torus. Then a cohomology class
w] € H*(T,Z) is a polarization on T if and only if there exists a positive
definite Hermitian matriz H such that

1 H 0 *
— 'Twll=|( 0 —'H
vV—1 * * *
and
H 0 *
0 —'H
* * *

1s of rank 2n.
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Remark 3.3 The above definition of polarization on a complex foliated torus
is stronger than the following one: there exists a bilinear skew-symmetric
form E on R*™ x R* such that E(A x A) C Z and the restriction of E to
R?*" x {0} s the imaginary part of a positive definite Hermitian form H on
C" x {0}. Under this condition, in [S], Theorem 6.9, it was proven that T
can be embedded as a CR-manifold in a complex projective space.

Therefore

Corollary 3.4 A complex foliated torus T can be embedded, as a CR-sub-
manifold, in a complex projective space if there exists a cohomology class
\w] € H*(T,Z) such that Riemann conditions (R) are satisfied.

Remark 3.5 We observe that in the case n = 1, namely when leaves are
complex curves, foliated Riemann conditions (R) are always satisfied. Indeed
the period matriz of T = C x R¥ /A is of the form

z w 0
o= (7 V)

where z,w € C and Ry, Ry € My 1(R). Now the inverse of

z w 0
z w 0
R, Ry [

18 the matrix

where m € C? and S € My 1(C). Now let

oD L@
W@ LB
be a constant 2-form taking integer values on the lattice A. The first Riemann
condition
rwWr +18w®8 + trw®s — 181 @Pr =0
is trivially satisfied, since w™™ and w® are skew-symmetric, and © € C* and

S € CF are column vectors; furthermore, mw®S = 'Stw@x is a complex
number.

As far as the second Riemann condition is concerned, it suffices to take w® =
0 and w® = 0 for instance, to fulfil it.
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Remark 3.6 Let (T, [w]) be a polarized foliated torus. The kernel of any rep-
resentative form w of the polarization [w] is completely integrable and transver-
sal to the foliation on T. It is immediate to check that, up to isomorphisms,

we may assume that
Z W 0
o= (7 s 7)

where Z,W € M, ,(C) and R,S € My,(R) and the form w is represented,
with respect to the Z-basis of A, given by the columns of ), by the matrix

0 —A 0
w=|A 0 0
0 0O O

where A = diag(dy, . ..,dy), di,....d, € ZT (cf. e.g. [7]).

4 Moduli of polarized foliated tori

Let T be a polarized torus with a period matrix {2 and a fixed polarization w
as in the above remark. © defines a R-isomorphism R?"** — C" x R* (also
denoted by Q) fixing {0} x R* and sending the standard lattice Z?"** into A.
Let P : R?"tF — R2"** he defined by

Q
RQn-‘rk Cn x Rk

‘/P lixide

Q
R2n+k Cn x Rk

where ¢ X idgr(2,t) = (iz,t). The matrix of P is of the form

J 0
P~ (1 1)
with J? = —idge« and (by a direct computation) J € Sp4 (R), and L €
My 20 (R).

The isomorphisms P determine the structure of polarized foliated torus.
We will denote by Z, the space of such matrices P, by G, the group of

matrices of the form
X 0
Y I,
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where X € Sp§,(R) and Y € M 2,(R), and by H, its subgroup (isomorphic

to U,) of matrices of the form
U o
0 I
with U € U,,.

Let T and T" be two complex foliated tori equipped with the same polar-
ization [w]. We may assume that 2 and 2 are adapted period matrices for
T and T’ respectively, and that the polarization |w]| is represented by a same
constant form w as in Remark 3.6. Then, by definition, T is isomorphic to T
if and only if there exists a CR-isomorphism ¢ : T — T’ preserving ker w and
which is symplectic on leaves, namely

O~Q < IAM e H, TFv€ G,NSLy, 1(Z) MQ =Q'y
(cf. (1.1)). On the space Z, the equivalence is given by
P~P < 3v€G,NSLy1(Z) P =~71Py
The moduli space of polarized foliated tori is then defined by
k= Zw/ ~

En passant, we observe that there is an obvious fibration Z, — H,, over
the Poincaré—Siegel half-plane, given by

(1 5)r

Theorem 4.1 Z, is a homogeneous space isomorphic to G, /H,,

ProoOF: The group G, acts in a natural way on Z, by conjugation:
(M, P)+— MPM™*
One can check that such an action is transitive, and that the isotropy sub-

group at the point
_(Jo O
n= (0

(Jo being the standard complex structure on R*") is given by H,,.
QED
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Corollary 4.2 dimg Z, = n(n + 2k + 1).

Observe that Z, = G,,/H,, is a reductive homogeneous space, consequently the
Lie algebra g, =Lie(G,,) admits a decomposition of the form g, = b, + m,,
where b, =Lie(H,) and m,, is a vector space in g, such that b, Nm, = {0}
and ad(H,)m, C m,,.

Indeed it suffices to consider

A B 0

m, = B —-A 0] |ABeM,,(R), A= ‘A, B="B,«a,B¢c My . (R)
a [/ 0

Now, since

o = {(g 8) |K € 5p3,(R), Q € Mk,2n<R)}

bwz{(g o) UEun}

we have that g, = b, ® m,, as a vector space, and [h,, m,] C m,, so that
(being H,, connected) ad(H,)m, C m,. Of course we consider gl,(C) as

embedded in gl,,(R).
Moreover we can prove that Z, is actually a Kahler homogenous space:

and

Theorem 4.3 Z, is a Kahler manifold in a natural way.

PROOF: Since Z, is a reductive homogeneous space, in view [9] §10, to
define an invariant integrable complex structure on Z,, it suffices to define
an integrable Koszul operator, thus a linear endomorphism J : m,, — m,, such
that

(1) I*= -1
(2) VY €bh, Joady =adyol]
3) V&neme (€ Inlm, — € Mme — JIE Inlm, — JTE, W], = O

(where [X, Y]y, is the projection of [X, Y] onto the factor m,,).
In our case, for any

A B
E=|B —-A €em,
(@]

B

o O O
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we put
A B 0 -B A0
J|B A0l =1A BO
a B 0 -5 a 0
Clearly J?> = —I. To check condition (2), we set
u v o
Y=|-V U 0] €b,
0 0 O

By definition:

AV +VA-[UB] [UA+VB+BV 0
JY.¢l=|[U,A]+VB+BV [UB]-AV -VA 0| =[Y,J¢
oV + pU BV —alU 0

As for the integrability condition (3), a direct computation shows that, for
any £, €m

Now we introduce the metric: again, in view of [9] §10, recall that there is
a bijective correspondence between G-invariant metrics on Z, and ady,-
invariant scalar products on m,,. Let us fix the following scalar product on
my:

(&) =tréy

(for each &,n € m,.) Since (,) is adpy,_-invariant, it induces a G,-invariant
metric g on Z,,.

Now, a direct computation shows that J is an isometry with respect to
the invariant metric g, i.e. (J¢,Jn) = (£, 7).

Finally, to show that g is a Kahler metric, we compute the exterior deriva-
tive of the Kéhler form (&, n) = (J¢,n). Given

A B 0 Ay, By 0 As Bs 0
=B A 0, &L= (B —Ay 0], &=|Bs —43 0
a; B 0 az P 0 as B 0
we have |
(*) dl{’(ghg%gi’)) - 5( - K’([gla §2]m7 §3) + /{([51753]111752) +
+’L€([€37§2]m>€1))
Since

k(€15 &lm, &3) = —tr (31 Bo) + tr (‘o381 Ag) + tr (‘v saa By) — tr (‘v o2 41)
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+tr (B 301 As) + tr ('B361B2) — tr (B 3a2A;1) — tr (B35.B)

(and analogously for the remaining terms of (x)), the sum on the right hand
side of (%) vanishes.
QED

Theorem 4.4 Let ' be an arbitrary discrete subgroup of G,,. Then the action
of I' on Z,, is properly discontinuous.

Proor: We have to prove that if K7 and K, are compact sets in Z,,, then
the set
PKLKQ = {’YEF|7'K1QK27£®}

is finite. First we prove that I'k, g, is compact. Let v € I'g, i, and P, €
v-K1NKj. Define P :=~~"- P, =~7'P,y. Both P, and P} lie in a compact
set, and have the following form

J 0 , (T 0
et ()

Now, J w is a symmetric positive definite matrix, and also “J’w is. Indeed,

(0 =A
R VN
where A =diag(dy, ..., d,) being d; positive integer numbers (cf. §3). More-

over, since J € Sps (R) and J? = —I, we can write J = AJyA™!, where
A € Spy . (R)), so that

Tw)y=wJ=-w]="w

and

Jw=—-A"1]Aw=—A"JwA™!

Since Jyw is negative definite, *J w is positive, so there exists an orthogonal
matrix @ such that ©Jw = Q DQ where D is diagonal and positive definite.

Let
(A0
T=\o 1
By definition

) o (70) A1JA 0
v\ 1) T\CA YT - DA+ LA T
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This equality implies J’ = A~'JA, hence 'J'w = 'A"JwA, so that Q'D"'Q' =
'A'Q DQA, and consequently

D' ='SDS

Since S = QAQ)’ varies in a compact set, it follows that A lies in a compact
set, as well.
Since, by (*)

C = %(L’ — LAYAN (I + J)A

and, both L and L’ are in a compact set, C' belongs to a compact set.
But a compact set in a discrete space is finite. This ends the proof.
QED

In our situation, I' = G, N SLo,x(Z). Thank to the previous theorem,
and in view of the well known result of Henri Cartan (cf. [1]), that we quote
hereafter

Theorem Let X be an analytic space and I' a group acting on X in a proper
discontinuous way by automorphisms of X. Then the quotient space X /T is
endowed with a structure of analytic space. Moreover, if X is normal then
X/T is normal too.

We finally obtain the following

Theorem 4.5 The moduli space M.} of polarized foliated tori is a normal
analytic space.

Remark 4.6 In the special case n = 1, i.e. for a general complex foliated
torus of the form C x R¥/A the spaces Z and Z,, are the same. So the same
proof of the previous theorem applies.

Remark 4.7 As the referee pointed out to us, since the action of I' is prop-
erly discontinuous on the complex manifold Z,, the space M is actually a
complex orbifold.

Of course, in the case of complex foliated tori (not necessarily polarized)
C x R¥/A, the moduli space shares the same property as in the polarized
foliated case (cf. Remark 3.5).
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5 The moduli space MY,

In this section we want to describe explicitly the simplest moduli space of
polarized complex tori: MY,. Let us give a geometric description of this
space, by using the same notation as §2. As we remarked there, P = CP? \
RP2.

Now the kernel of the polarization w is a line in R?, hence a point p, € RIP?.
Consider the projection

o : CP? \RIP’2 — RP?*”
p —1TI,

(where T, is the unique real projective line in RP? whose complexification
contains p), and the set {I' € (RP?)" | py € T'} = RP'. Then

U=oc'((RP*) "\ RP') c CP?\ RP?

Next consider the set (isomorphic to a copy of CP!) of all the complex lines in
CP? passing through pg, and the canonical projection II : CP? \ {py} — CP*
onto it, and restrict it to U:

M|y : U — CP'\ RP!

the RP! being the set of real lines whose complexified pass through py.

This map 1|y defines a trivial fibration, with standard fiber C, thus U =
(HT UH ") x C (where H* are copies of the Poincaré half-plane).

The group G, (of all 3 x 3 matrices which preserve both the form w and
its kernel) acts on CP? \ RP?, preserving the fibration II|y, and hence the
space U too. Therefore our moduli space fits into the commutative diagram:

U —1% cp!\ RP!

|

Lﬁl > Ml

where M denotes the moduli space of elliptic curves.

On the other hand, observe that, by Remark 3.6, we may assume that
the kernel of w corresponds to [0 : 0 : 1] € RP?, so that we have a natural
projection 7 : CP? \ RP? — CP! given by 7|20 : 21 : 23] = [20 : 21], and that
H*™ C CP'\ RP!. Therefore

Ti=7(HY)/T
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I' being the discrete group of matrices of the form

A 0
a 1
where A € Spy(Z), and the action of ' on CP? is the standard one.

Finally, the Kéahler form on MY, is the pull back, via 7, of the Kéhler
form on H™T.
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